
EAULIQ: THE NEXT GENERATION

by David A. Randall and Laura D. Fowler

DEPARTMENT OF

2

PAPER NO. 673:
. _

o

ATMOSPHERIC_ :SCIENCE
. _ .





EAULIQ: THE NEXT GENERATION

by

David A. Randall and Laura D. Fowler

Research supported by the
National Science Foundation

under Grant number ATM-9812384,

by the U.S. Department of Energy
under Grant number DE-FG03-95ER61968,

and by the National Aeronautics and Space Administration
under Grant Number NAG 1-1266.

Department of Atmospheric Science

Colorado State University
Fort Collins, CO

January 1999

Atmospheric Science Paper No. 673





Abstract

This report summarizes the design of a new version of the stratiform cloud

parameterization called Eauliq; the new version is called Eauliq NG. The key features of Eauliq

NG are:

a prognostic fractional area covered by stratiform cloudiness, following the approach

developed by M. Tiedtke for use in the ECMWF model;

separate prognostic thermodynamic variables for the clear and cloudy portions of each

grid cell;

separate vertical velocities for the clear and cloudy portions of each grid cell, allowing

the model to represent some aspects of observed mesoscale circulations;

cumulus entrainment from both the clear and cloudy portions of a grid cell, and

cumulus detrainment into the cloudy portion only;

the effects of the cumulus-induced subsidence in the cloudy portion of a grid cell on the

cloud water and ice there.

In this paper we present the mathematical framework of Eauliq NG; a discussion of cumulus

effects; a new parameterization of lateral mass exchanges between clear and cloudy regions; and a

theory to determine the mesoscale mass circulation, based on the hypothesis that the stratiform

clouds remain neutrally buoyant through time and that the mesoscale circulations are the

mechanism which makes this possible. An appendix also discusses some time-differencing

methods.



1. Introduction

What is a stratiform cloud? Virtually all stratiform clouds contain buoyancy-driven

turbulence (e.g. Lilly, 1968). On the other hand, many convective clouds extend upward from and/

or grow upward into stratiform cloud layers. For purposes of this paper, we define stratiform

clouds to be clouds which are, in an area-averaged sense, neutrally buoyant with respect to their

environments, level-by-level throughout their vertical extents. In contrast, then, "convective"

clouds are those which are either positively or negatively buoyant at some levels, in an area-

averaged sense. For example, cumulus or cumulonimbus clouds are positively buoyant through a

large fraction of their vertical extents, and they may also contain regions of negatively buoyant

convective downdrafts.

Many stratiform clouds are generated by convective clouds. Each day, tens of thousands of

cumulonimbus clouds inject enormous quantities of boundary-layer air into the upper troposphere

and lower stratosphere (e.g., Riehl and Malkus, 1958). The detrained air forms horizontally

extensive and deep "anvil" clouds which contribute as much as 40% of the total precipitation that

falls from the convective systems. Observations (e.g., Webster and Stephens, 1980) show that

cirrus outflows from tropical convection can extend for many hundreds or even thousands of

kilometers downstream from the convective disturbance that generates them. In such cases, the

local time rate of change and advection terms of the conservation equation for the large-scale

average cirrus ice water concentration must be comparable to the source and sink terms, so that a

prognostic approach including advective effects is necessary for accurate predictions of the

cloudiness.

The anvil clouds contain mesoscale circulations (e.g., Houze, 1982) and also small-scale

moist convective circulations, which influence the evolution of the convective systems and the

large-scale circulations in which they develop. Houze (1982) showed that the total heating

associated with a mature convective cloud system peaks in the upper troposphere and is quite

small in the lower troposphere, whereas the convective heating alone is weaker in the upper



troposphereand strongerin the lower troposphere.Similar conclusionshavebeenreachedby

JohnsonandYoung(1983),Johnson(1984),andChengandYanai(1989).Theheatinganddrying

due to the mesoscalevertical motions arecomparablein magnitudeto the latent heatingand

precipitation drying associatedwith the anvil. The mesoscaleheating and drying are not

negligible,but neitherare they asstrongasthe convectiveheatingand drying. Rutledge(1986)

and Rutledge and Houze (1987) have presentedevidence that there are no fundamental

differencesbetweenthe stratiform anvilsof midlatitudeandtropical convectivecloud systems.

Houze(1982)hasarguedthatmesoscaleverticalmotionsassociatedwith stratiformanvil clouds

make important contributionsto the large-scaleheatandmoisturebudgetsof convectivecloud

systems,and he has attemptedto determinethe typical magnitudesof theseeffects from

observations.Ontheotherhand,ChengandYanai(1989)havepresentedevidencethattheeffects

of mesoscalecondensationand evaporationare considerablylarger than those of mesoscale

vertical drafts. Certainly there is sufficientmotivationto developan accuratephysically based

parameterizationof the effectsof mesoscalevertical motionsand mesoscalecondensationand

evaporationon the large-scaleheatandmoisturebudgets.

Anvil and cirrus cloud systemsaregenerallytoo small to be explicitly representedin

large-scalemodels;this leadsusto theproblemof"subgrid cloudamount" which canbedefined

in generaltermsas the statistical distribution of cloud water and cloud ice on the subgrid scale.

There are actually three reasons why we are interested in fractional cloudiness. The most obvious

is that the small scale distributions of liquid water and ice can have a strong effect on the transfer

of radiation. A second reason is that fractional cloudiness matters for cloud microphysics. The

importance of this for realistic simulation of large-scale cloudiness has been emphasized by

Fowler et al. (1996). As an example, the Colorado State University General Circulation Model

(CSU GCM) described by Fowler et al. (1996) predicts the grid-cell averaged mixing ratios of

liquid water and ice. Microphysical processes, such as conversion of cloud water to rain water, are

local processes, and so they must be formulated in terms of the local concentrations of cloud

water and cloud ice, rather than the predicted large-scale average concentrations. The local

concentrations are essentially equal to the large-scale average concentrations divided by the cloud



amount.This problemhasbeendiscussedby Bechtoldet al. (1993).A third reasonfor interestin

fractionalcloudinessis that it affectsthedynamicsof theconvectivecloudsthatproducemuchof

the condensation.The effectsof fractional cloudinesson cloud dynamicswere discussedby

Randall(1987).

The earliestcloudamountparameterizations(e.g.Smagorinski,1960)simply relatedthe

fractionalcloudinessto the large-scalerelativehumidity i.e.

f = f(RH). (1)

Xu and Krueger (1991) tested this and other simple cloud amount parameterizations by using a

Cloud System Model (CSM) 1, and found that they do not work very well. A similar conclusion

was reached by Xu and Randall (1996 a, b).

In a very influential paper, Sundqvist (1978) proposed a stratiform cloud parameterization

for large-scale models, in which the large-scale average cloud water mixing ratio was introduced

as a prognostic variable, and simple parameterizations of microphysical processes were used to

represent the sources and sinks of cloud water. The stratiform cloud parameterization recently

incorporated into the Colorado State University General Circulation Model (CSU GCM), as

described by Fowler et al. (1996), can be regarded as a recent attempt to follow the trail blazed by

Sundqvist, using a somewhat more modem microphysics parameterization. Sundqvist related the

cloud amount to the large-scale relative humidity, according to

1.We use the term "Cloud System Model" m denote a model with sufficiently high spatial resolution to

resolve individual cloud elements, and integrated with a domain size large enough to encompass many indi-

vidual clouds, and with a time domain long enough to include many cloud life cycles. A second term some-
times used is "Cumulus Ensemble Model," but this seems inappropriate because the models can be applied

to stratiform clouds. A third term sometimes used to refer to these models is "Cloud Resolving Models."

This name is not very satisfactory because it makes no reference to the large domain size and long integra-

tion time characteristic of such models.



0t' (2)

where (RH)o is a "threshold" relative humidity below which the cloud amount is assumed to be

zero. Sundqvist further assumed that when stratiform clouds exist, the relative humidity in the

cloud-free portion of the grid cell remains constant at (RH)o, while the relative humidity in the

saturated portion of the grid cell is equal to the satm_tion value there. If the area-averaged relative

humidity is predicted, then this assumption permits diagnostic determination of the cloud fraction.

As explained later, in Eauliq NG we do not assume that the relative humidity in the clear portion

of the grid cell is a constant.

A key assumption of Sundqvist (1978), which is not explicitly stated in the paper, is that

the potential temperature is horizontally uniform throughout the grid cell. This is roughly

consistent with the definition of stratiform clouds given above, i.e. stratiform clouds are neutrally

buoyant (in an area-averaged sense) with respect to their environments. The parameterization

described in the present paper makes use of this "neutral buoyancy" assumption, but a key point is

that we specify a physical mechanism which maintains this neutral buoyancy over time.

A different approach was suggested by Sommeria and Deardorff (1977), who proposed a

subgrid cloudiness parameterization intended for use in high-resolution, cloud-resolving models.

They assumed that a pair of moist conservative variables, such as liquid water potential

temperature, 0 l, and total mixing ratio, qt, undergo subgrid-scale fluctuations and have a joint



Gaussianprobability density function (pdf), as sketched in Fig. 1. The shaded region of the sketch
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FitlUr_ 1: Sli_lcl_ itllusliilt_ the ,_)mmeriaol:l_iortlt _ppro_oh to c,o.d _mounl
parameler_z_ion. The shaded pod|on of th_ figure _s uns_urated, _r_ the white portion

qlo

represents subsaturated air, and the white region represents saturated air. By integrating the joint

pdf over the saturated region, Sommefia and Deardorff were able to determine the cloud amount.

In order for this approach to be workable, it is necessary to know the joint pdf of the two moist

conservative variables. Le Treut and Li (1988), Smith (1990), and Rdcard and Royer (1993) have

followed simplified versions of this approach in largeoscale models. L¢ Treut and Li (1988) and

Smith (1990) used assumed (rather than predicted) pdfs for the moist conservative variables. In

principle, these pdfs should be determined by small-scale and/or mesoscale dynamical processes,

such as convective turbulence within the strafiform cloud (Randall 1987; Randall et al. 1992).

Ricard and Royer (1993) implemented their parameterizafion in the context of"level 2" subgrid

scale turbulence pararneterization (Yamada and Mellor 1979), using 20 layers to represent the

vertical structure of the atmosphere. Xu and Randall (1996 a) used a CSM to evaluate the

applicability of pdfobased parameterizafions to the simulation of large-scale circulations. They

found that the coefficients of such pararneterizations are cloud-regime-dependent. Newertheless,



pdf-based parameterizations certainly have the potential for further improvement, and in fact the

parameterization presented in later this paper can be interpreted as a pdf-based scheme.

Albrecht (1981) considered the gradual evaporation of cloud water produced by

detrainment from shallow cumulus clouds. He proposed a parameterization of the form

(qt)cld-q*

f = (qt)cld-(qv)clr (3)

u

where (qt)cld is the total in-cloud mixing ratio (vapor plus liquid), q, is the large-scale saturation

mixing ratio, and (qv)elr is the vapor mixing ratio of the clear air. Albrecht assumed that the

cloudy and clear portions of the grid cell have the same temperature. His parameterization was

based on a simple model in which the detrained cloudy air was assumed to "relax" back towards

the mean-state mixing ratio. A simple convective cloud model was used to estimate (qt)cld" The

parameterization invoked microphysical processes such as the evaporation of cloud water, but did

not explicitly parameterize the microphysics. S. A. Klein (personal communication, 1997) has

pointed out that (3) is equivalent to

_/(qt)cld
f = -- _ . (4)

_](qt)cld + ,1(1 - RH)q,

This means that the cloud amount increases as the in-cloud liquid water mixing ratio increases,

and as the large-scale relative humidity increases. Note, however, that (4) can give f _ 1 even

for R"'H < 1. Xu and Randall (1996 b) proposed a semi-empirical cloud parameterization which is

somewhat similar in spirit to (4):



1- exp[-a(qt)eld]} . (5)[(l - RHlq. ] _/

They used a CSM to evaluate the parameters used in (5), for two different cloud regimes.

Tiedtke (1993) developed a cloud amount parameterization for use in the ECMWF model.

He introduced a prognostic equation for the cloud amount in addition to prognostic equations for

the mass of cloud water. This prognostic equation was a major advance of Tiedtke's approach; it

simply expresses the conservation of mass for the cloudy air, i.e. it is essentially a continuity

equation. One of the strengths of Tiedtke's parameterization is that convection acts as a source of

stratiform cloud water and cloud amount; this idea was inherent already in the cumulus

parameterization of Arakawa and Schubert (1974). Tiedtke also included the effects of the

advection of condensed water and cloud amount by the large-scale circulation, and he

parameterized the effects of mierophysical and turbulent processes on the clouds and the large-

scale thermodynamic state. In accord with the definition of stratiform cloudiness given at the

beginning of this paper, Tiedtke assumed (tacitly) that the temperature is horizontally uniform

across the clear and cloudy sub-regions of each grid cell, but he did not explain how this uniform

temperature is maintained.

Fowler et al. (1996) and Fowler and Randall (1996 a, b) developed and tested a bulk cloud

microphysics parameterization called "Eauliq" based on the work of Rutledge and Hobbs (1983)

and Lin et al. (1983). Eauliq included representations of the microphysical processes responsible

for the formation and dissipation of both water and ice clouds. Eauliq included five prognostic

variables representing the mixing ratios of water vapor, cloud water, cloud ice, rain, and snow.

Graupel and hail were neglected. Cloud water and cloud ice were permitted to form through large-

scale condensation and deposition processes. Rain and snow were assumed to be produced

through autoconversion of cloud water and cloud ice. Rain drops falling through clouds were

assumed to grow by collecting cloud water, and falling snow was assumed to collect both cloud



waterandcloudice.Thesecollectionprocesseswereformulatedusingthe continuouscollection

equation.Evaporationof cloud water,cloud ice, rain, and snow were allowedin subsaturated

layers.Melting and freezingwere considered.Fowler et al. also includeda couplingbetween

convectivecloudsandstratiformanvils throughthe detrainmentof cloudwaterand cloudice at

thetopsof cumulustowers.Interactivecloudopticalpropertiesprovidethelink betweenthecloud

microphysicsand radiation parameterizations;the optical depths and infrared emissivitiesof

large-scalestratiformcloudswereparameterizedin termsof the cloudwaterandcloudicepaths.

Perhapsthe most seriousweaknessof Eauliq is that it doesnot include a parameterizationof

cloudamount;Fowleret al. (1996)simplyassumedthatthecloudamountwaseitherzero(i.e.no

cloudin a grid cell) or one(i.e.uniform cloudthroughoutagrid cell).

The purposeof this paperis to outline a generalizationof Eauliq, called"Eauliq NG,"

which includesa variablecloudamount.Wedeterminethecloudamountprognosticallyusingan

equationsimilar to that proposedby Tiedtke (1993). We also diagnosethe thermodynamic

propertiesof theclearandcloudyportionsof thegrid cell, usingtheprognosticcloudamount,the

prognostic mean-state thermodynamic variables, and the prognostic differences in the

thermodynamicvariablesbetweenthe clearand cloudyportions of the grid cell. We separately

determinethevertical motionsin theclearandcloudyportionsof thegrid cell,by requiringthat

thedifferencesin verticalmotion actto maintainneutralbuoyancyof thestratiformclouds.These

samevertical motion differenceshaveadditional consequences,of course,which aretakeninto

accountin ourparameterization.

Section2 of thispaperlaysout theconceptualandmathematicalframeworkof EauliqNG.

Section3 discussesthe role of cumulus processes.Section 4 outlines the algorithmusedto

determinetheseparatethermodynamicpropertiesof theclearandcloudysub-regionsof eachgrid

cell. Section5 describesourmethodto determinethe separateverticalmotionsin the clearand

cloudy sub-regions.Section6 discussesthe parameterizedlateral massexchangesbetweenthe

clear and cloudy sub-regions.Section 7 describesthe parameterizedmicrophysicalprocesses.

Section8 givesasummaryandconclusions.



Framework

Sub-regions

We divide the horizontal 2 domain of a grid cell into three sub-regions, as shown in the

sketch below. These are the clear sub-region, denoted by "clr," the sub-region filled with

stratiform cloud, denoted by "cld," and the cumulus sub-region, denoted by "cu." The areas

i i i
occupied by the three sub-regions are denoted by A clr, A cld, and A cu, respectively. The total

area of the grid cell is

Ai i " i= A clr+Atcld+A cu. (6)

Here the superscript i denotes the grid cell under consideration, and subscripts are used to denote

a sub-region. We assume that A i is independent of both time and height.

cld

elf

Figure 2: Schematic showing the horizontal cross section of a grid cell containing a clear
region (clr), a stratiform-cloudy region (cld), and a cumulus region (cu).

2. We assume that the model has a vertical resolution high enough to capture at least crudely the vertical dis-

tribution of the cloudiness; we therefore ignore the possibility of vertically subgrid-scale clouds.

10



By definition, the cld sub-region contains stratiform cloud water and/or cloud ice, and by

definition the clear region contains neither. In other words, cloud water and cloud ice are assumed

i
to occupy the same fractional area, i.e. A cld. We allow the possibility that rain and snow can exist

in either cloudy or cloud-free portions of a grid cell. Obviously rain and snow must originate in

cloudy regions, but they can fall into clear regions. The fractional areas occupied by rain and snow

are discussed later.

In Fig. 2, the cumulus sub-region is sketched as if it were comparable in size to the others,

but this is merely for convenience in making the drawing; in reality we expect the fractional area

occupied by the cumulus clouds to be very small in all cases. The "cu" sub-region represents an

ensemble of cumulus clouds, which may be further broken down into subensembles, following

the "spectral" approach of Arakawa and Schubert (1974). Here we forego the additional

notational complexity that would be required to explicitly represent the subensembles, but we do

in fact follow the spectral approach.

Following the approach of Margolin et al. (1997), we allow each of the three sub-regions

("clr," "cld" and "cu") to exchange mass laterally with the other two. This mass exchange can

occur "inside" the grid cell under consideration, and in addition, each sub-region in grid cell i can

exchange mass with neighboring grid cells. We denote lateral mass exchanges inside the cell

(hereafter "intra-cell") by E, and lateral mass exchanges with neighboring cells (hereafter "inter-

cell") by F.

Consider an arbitrary intensive variable h, and let S h denote the source or sink of h,

which can include the effects of small-scale turbulence and radiation, as well as microphysical

processes 3. We can write the following budget equations for grid box i:

3. For now we use h as a generic intensive scalar; later we use the same symbol to denote the generalized

moist static energy, which is of course an intensive scalar.

11



C3. i.i __i . i i i i E i i i
_(m n clra clr) = E cld,clrh cld+ E cu,clrh cu - ( clr,cld + E clr, cu)h clr

ZFi, eclr_i,i' _fl__..(i i .' ,i , i i- clr Oz m w clrn clrA clr) + (S h) clrA clr,
f

(7)

0 : i.i _i . i i i i i i i

_-_(m n cldA cld) = E clr,cldh clr + E cu,cldh cu - (E cld,clr + E cld, cu)h cld

Z#,gcld].ti, f O.O_(mi i i _i , ._ .i Ai- w cldn cld.,// cld) + (,3"h) cld cld,- cld Oz
i'

(8)

C3: i.i _i ., i i i i E i i i
_7t, m n cu_ cu) = E clr,cuh clr + E cld,cuh cld- ( cu,clr + E cu,cld)h cu

-Z Fi'fcuhi'g 0,, i i i _i x i icU-_ztm w cun cu_ cu)+ (S h) cu A cu

(9)

i
Here m is the mass of dry air, per unit area, in grid cell i. The E's and F's have dimensions of

mass per unit time. The terms involving the E's and F's are discussed in the next two sections.

When we add (7), (8), and (9), all of the E terms cancel out, but the F terms survive. We obtain

mi_iA i) =

z(fi, i,clr_i,: Fi, g ,,i,i' Fi, i' _i,: ,.,,.,c3( imi_'_t ) i--i- clr+ cldh cld+ cu,, cu)---_ A +A (Sh) ,

/,

(lO)

where

• = i i i i i iA_h z h clrA clr + h cldA cld + h cuA cu, (11)

• " i i i ,i i i i i i i i .i
At'_wwh _ = m w clrn clrA clr+ m w cldh cldA cld + m w cun cuA cu, (12)

and

12



i_i i i i i i i
A (Sh) = (Sh) clr A clr + (S h) eld A cld + (S h) eu A eu. (13)

The continuity equations corresponding to (7)-(10) can be obtained by setting h - 1 and

S h = O"

0, i ,i , E i E i E i i g c3 : i i ,i
_Ttm A clr) = -- clckclr + cu,clr--( clr,cld + E clr, cu)- ZF i' clr-_ztm w clrA clr),"

l"

(14)

O, i,i .. i E i i E i £ O, i i i
_l,m A old) = E clr, cld + cu,cld- (E cld, clr + cld,cu)- ZF i' cld-_ztm w cldA cld),"

g

(15)

O: i,i , = E i i _ E i i gcu O: i i i ,
_-_l,m _ cu) clr, cu + E cld,cu ( cu,clr + E cu,cld)- EF i' --_ztm w cuA cu),

g

(16)

0 .miAi) t" F i, f F i, g 0 : i_ i ,i).
-'_( = Z ( Fi' clr + cld+ cu) - _zz_,m w A

g

(17)

In (17),

i_ i i i i i i i
A w = w clrA clr + w cldA old + w cuA cu, (18)

_i
where w is the area-averaged vertical velocity. Eqs. (14)-(16) govern the time change of the mass

or area within each sub-region. Eq. (17) is the continuity equation for the whole grid cell. By

combining (7)-(9) with (14)-(16), we can derive "advective forms" of the three budget equations:

13



i ,i 0 ,,i , i i i i i i
h clr)+ E cu,clr(h cu - h clr)= E cld,clr(h cld-

m A clr-_/'t clr)

--Z Fi' gclr(ai' : iclr- h clr)

g

i ,i i a ,.i ., i A i
- m A clrW clr'_z n clr) + (S h) clr clr,

(19)

i .i 0 ..i . i i i i i i

m A cld_-_tn cld) = E clr,cld(h clr- h cld) + E cu,cld(h cu - h cld)

? ^i, f i
-_._Fi'-" cld(h cld- h cld)

?

ihi i a ,,i , i i
- m cldW cld_z ncld) + (S h) cld A cld,

(20)

iAi 0 " E i i " i i i
m cu_-/(th'cu) = clr,cu(h clr- h_cu) + E cld,cu(h old- h cu)

cut,," cu- h cu)_ZF i, f c_, g i
g

i ,i i O,,.i ., i i
-m A cuW CU_zn cu) + (S h) cu A cu.

(21)

2.2 Lateral exchanges of mass between subregions

First, we discuss the mass exchanges between cumulus clouds and the clear and

stratiform-cloudy portions of the grid cell. Eicu,clr represents the flow of mass from cumulus

clouds into the clear portion of the grid cell; here we adopt the convention that the first subscript

denotes the sub-region of origin, and the second denotes the destination sub-region. Similarly,

i
E cu,cld represents the source of stratiform cloudy air clue to detrainment of air from cumuli into

the cloudy part of the grid cell. We assume that air detrained by cumuli is always cloudy, and so

always enters the stratiform-cloud sub-region of the grid cell. This means that

Eicu,clr = 0. (22)

14



For notational clarity, we write

D i i- E cu,cld ->O. (23)

i
E elr, eu represents the entrainment of air from the clear part of the box into cumulus clouds.

Similarly, Eicld, cu represents the entrainment of air from the cloudy part of the box into the

cumulus clouds. We note that

i i
E clr,cu -> O, and E cld,cu -> O. (24)

Now consider the mass exchanges between the clear and stratiform cloudy portions of the

i
grid cell. E cld,clr represents air "moving" from the cloudy area to the clear area. Of course

Eicld, clr amounts to evaporation of the cloud, which is not really motion in the usual sense at all.

Similarly, Eiclr,cld represents the transformation of clear air into stratiform cloud air. Again, this

is not really "motion;" instead it represents the effects of processes that increase the relative

humidity in the clear part of the box, or some portion of it, so as to convert the clear air into

cloudy air. Note that, with these definitions,

E i iclr, cld >--0, and E cld, clr > 0. (25)

In particular, E i ielr, eld is not equal to minus E cld,clr (unless they both happen to be zero). The two

mass exchange processes can occur independently and simultaneously within each grid cell.

When we apply (19) to the cloud water mixing ratio, qc, which is of course equal to zero

in the clear portion of the grid cell, we obtain a very simple result:

15



E i , i,, )i i
0 = cld,clrl,qc )+ (Sqc clrA clr. (26)

i
Note that here qc denotes the value of qc in the cloudy portion of the grid cell; we omit the

subscript "cld" on the grounds that it would be redundant. According to (26), the flux of cloud

i i
water from the cloudy to the clear portion of the cell, denoted by E cld, clr(q c ), is balanced by a

sink of cloud water (presumably due to evaporation), which prevents any cloud water from

accumulating in the clear portion of the grid cell. We can use (26) to diagnose the rate of

evaporation in the clear-portion of the grid cell; not only is this needed for such diagnostic

purposes, it also represents a source of water vapor in the clear portion of the cell, and it is

associated with evaporative cooling there. Similarly, the cloud ice mixing ratio satisfies

E i , i, )i A i
0 = cld, clr(qi ) + (Sq,. clr cir. (27)

Intra-cell fluxes between sub-regions of the same type ("sub-sub-regions") are neglected in

this paper, so that, for instance, flows between two clear portions of the same grid cell are

assumed to have no effect on quantities of interest. In effect we assume that all subregions of the

same type, within a given cell, have identical properties, so that exchanges among them are

irrelevant.

2.3 Inter-cell exchanges of mass

We assume that when air flows across cell walls, between neighboring grid cells, it always

moves between sub-regions of like type, so that, for example, air can travel from the cloudy sub-

regions of grid box i to the cloudy sub-regions of neighboring grid box i', but not from the cloudy

sub-region of grid box i to the clear sub-region of neighboring grid box i'. The rationale is that it

would be quite tmlikely for the boundary of a sub-region, e.g. a stratiform cloud, to coincide

exactly with the wall of a grid cell.

16



To minimize thenumberof symbols,we adoptthenotationF/' rclr to denote the flow of

mass outward from grid box i to neighboring grid box g, in this case between the clear sub-

regions of each. Corresponding conventions are used with / 7/' r F i, :cld and cu. This is why the F

terms appear with minus signs on the fight-hand sides of (7) - (9). The F s can have either sign.

_'_F i' rclr represents the net flow of air from the clear region in one cell to the clear
I

t"

regions of the surrounding cells. Similarly, E F i' :cld represents the flow of air from the
g

stratiforrn cloud region in one cell to the stratiform cloud regions of the surrounding cells, and

F i' rcu represents the flow of air from the cumulus region in one cell to the cumulus regions of
/

the surrounding cells. Summations such as _.F i' rclr_ti' :clrrepresent exchanges between grid
g

box i and all neighboring grid boxes. The "hat" symbol, as in hi' r, denotes an interpolated value

on a cell wall.

For simplicity, we currently neglect any variations of the horizontal velocity between the

cloudy and clear regions of the grid cells, although we realize that this must be addressed in the

future. We assume that

F i,: thi,i'vi,fnli,_"clr = clr, (28)

where rhi' : is an interpolated mass variable, defined on the cell wall, v i' rn is the outward normal

velocity component along the cell wall, and li' :clr is the distance occupied by clear air, along the

cell wall. Similarly, we assume that
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F i, z" thi, i'vi, Z'nli, _cld = cld, (29)

and

F i' :cu = th i' :vi' :n li' gcu. (30)

We require that

l i, g l i, _" l i, z_ = li, t"clr + cld + cu , (31)

where l i' r is the total length of the cell wall. We assume that

l i, ? l i, t"f4 i, i'cl r
clr =

_4 i, g

_, (32)

l i, g l i, r_4 i' ?cldold = (33)
_4i, f '

li, i' _ li, g_4i' i'cueu - (34)
_4i, f '

where/1 i' f _1 i' f /1 i' fclr, cld, and cu are suitably interpolated "edge" values of the corresponding

areas. In view of (31), we must require that

_4i, i' _4i, i' _4i, : _4i' :clr + cld + cu = • (35)

This requirement is met by either upstream or centered interpolation of the areas, and also by any

linear combination of upstream and centered interpolations. Substitution of (32) - (34) into (28) -

(30) gives
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F i,f t_ i,i'7i,f • :_4 i'gclr = nf' clr
:ti, g '

(36)

F i,i' thi'i'vi'f . f_4i,i'cld = nlt, cld

eli,: '

(37)

Fi, : _ th i, i'vi, : • g_4 i, i'cu - nl l, cu

_i,: "

(38)

Substitution of (36)-(38) into (17) leads to

(mi_4i, i') = _i,i'vi, i'nli, i' clr+ cld+ cu -_z I'm w a ')
_1 i,g:L

= Ethi'i'v i':nl i'i' --_ tmO"i_i",i, "w¢a t).

(39)

To obtain the second equality in (39), we have used (35). Eq. (39) is just what we would expect

from the large-scale point of view. On the other hand, Eqs. (36)-(38) imply a kind of"diffusion"

of the mean state properties across cell walls. To see this, substitute (36)-(38) into (10), to obtain

Z(Fi, rclr_i,: Fi,: ,,i,: Fi,: _i,rclr + cldh cld + cu- cu) (40)

f

( )= Z_t, fvi'fnl i': _t i': " _,ti, f
Jl i'f cu _i, f G i,,, "(h)

= z_i, gvi,fnli,f_i'e_£Gi'f(h) ,

f
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_-_ (mi_i Ai) = -Z thi' :vi' :nli' g f4i' fclr_i, f
f4 i, i, clrg

_z_i+i' i+f li+:_4i':cld_i,g
g v n _/i, : cld

_z_i,i'vi,: li,:_4i'gcu_i,: _ " i_i
: n _i, f cu- (miw'h'.,4 i) + A (Sh)

clr + A cld + cu/_i,
Z thi': i':nli': f4i, i' i,i' f4i, i'

- - v --i,:
:4

+ zGi'f(h)-_z(miw'htA i) + A (Sh)

_ _z_i,:vi, enli, f_ i'f

g
+ Z Gi' : ( h ) - _.ff-_(miw'hiAi) + Ai (--_)h) i ,

g

(41)

where

Gi, e(h) _thi, gvi, enli, :f4i': •- clr- l )
_4i,_lr(_t,t" _i, "

__i, fvi,i'nli,g_4i'fcld(_i,: _i, "

/Ii,7 - cld- ')

__i, i'vi,:nli,gf4i'i'cu(_i,: _ _i,f

_1 i, f "-- cu

(42)

represents a diffusive flux that arises from the indicated differences in h. To obtain the third

equality in (40) we have again used (35).

2.4 Vertical mass fluxes

It is useful to express all vertical mass exchanges in terms of three mass fluxes:
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the large-scale mass flux, A i_ i i i i i i= A clrM clr + A cldM cld+ A cuM cu ; (43)

i
A cu . _ _i

the cumulus mass flux, Mic - "-_-(M-cu - M); and
(44)

AicldAicl r
• (M_cld-M/clr). (45)

the mesoscale mass flux, Mimeso = A iAz

Here

M / i iclr -- m w clr ; (46)

MS" i icld -=m w cld ; (47)

(48)M cu - m w cu.

Straightforward algebraic manipulations, which are summarized in Appendix A, lead to the

following results:

i i i i
i i i _i A cldA

CU " __A _t_Mcl_= A olrM- Ct_(M,¢ld_M'c_r) .'1_lrA (M'¢. M_c_r),
A i A i

(49)

i i
i i i _i A cldA clr ..i .

A cldM cld = A cldM +(Mcld- Mclr) -
A i

i i

A cldA cu(Micu_ Micld),
A i

(50)

• " i i " i
_' = _jr/h i+ M_meso(h cld-h clr)+ Jl//Jc(hcu-hi). (51)
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2.5 Summary of framework

Before making further simplifying assumptions and approximations, we summarize the

basic equations of our model, making use of the various results obtained in the preceding sub-

sections. The continuity equations can be written as:

63,. i ,i .. i i E i i
_-_l,m A clr) = E cld, clr + E cu,clr - ( clr, cld + E clr, cu) -

• " clr O. ,i M i ,,Z _Z, gvi, :nl,, :_4i" _tA clr clr)
f

(52)

0.. i,i .. i E i E i E i
_-_l,m A cld)= E clr,cld + cu,cld - ( cld,clr + eld, eu) -

• " cld _ i i
Z _l' i'vi' gnll' :_z, t"

_z (A cldM cld)
t" _I i':

(53)

63 i " E i E i i i
_(m A'eu) = clr,eu + cld,cu - (E cu, elr + E eu,eld) -

ZFni, i'vi, i ' li, i'_'ti'i'cu 0 r ,i Micu)
: n f4i, t" _z_,A cu

(54)

c3,. i ,i,, ":vi,i'nli,:
--_(m A ) = -- ZYn"

(55)

The conservations equations for h can be written as:

0 . i.i ,i . i i i i E i i i
_-_l,m n clrA clr) = E cld.clrh cld + E cu,clrh cu- ( clr.cld + E clr, cu)h clr

- Z _'':vi'enlt'r_4i'gclr_i': -_z (Sh) clrA clr
: _/i, : clr A clrM clrh clr + ,

(56)
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_. i.i ,i . E i h i i i E i i
_l,m n cldA cld) = clr, eld clr + E cu,cldh cu - ( cld,clr + Eicld, cu)h cld

_Efni,:ri, tnli, i'_4i't'cld_i,g O( i i i ) i i
_/i,g cld-_z A cldM cldh cld + (S h) cld A cld,

(57)

a. i.i ,i . i i i i E i E i .h i
_(m n eua cu) = E clr,cuh clr + E cld,cuh cld - ( cu,clr + cu,cld) cu

_ E fni, evi, i'nli, i'_4i' i'cu_i, i ' a i i i i i
_/i, t" cu-_z(A cuM cuh cu) + (S h) cu A cu

(58)

- " " + :(hJ--
_(mihiA i) = Zfnt, evi, rnlt, r_i'f G i,

• i i " i i_i
-_{A;[Y_ + _m_o(h _d-h dr)+ _(h _.- _")] } + A (Sh)

Oz

(59)

Our strategy for the use of these equations is explained later.

11 The cumulus terms

We assume that

i

Eiclr,cu _ A c.lrE i '

A t
(60)

i

Eicld,cu _ A C!dEi"

A t

(61)

Here E i is the total rate of entrainment into the cumulus clouds, i.e.

E i i i= E clr, cu + E cld,cu. (62)
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Eqs. (60) and (61) mean that the air entrained into cumuli is derived from the clear and cloudy

subregions in proportion to the fractional areas covered by those subregions. This assumption is

made for simplicity and should be refined in the future.

We also assume that the cumulus clouds detrain only into the cloudy portion of the grid

box, on the grounds that the air leaving the cumuli is, aRer all, cloudy:

Eicu,ck = 0. (63)

To make our notation closer to that used in the earlier literature, we write

Eicu,cld = D i . (64)

Next, we assume, following Arakawa and Schubert (1974), that the fractional area covered

by cumulus convection is very small compared with one, i.e.

i ,,4i f4i, : _4i, fA cu << and cu << , (65)

and also

i " A i fti, : _4i, : _4i, i'A clr + Atcld _ and clr + cld _ (66)

This assumption allows us to simplify our equations as follows:

Aih i __hiclrAiclr + hicldAicld , (67)

i

Mc i ~ A CUM/-- " CU,
A z

(68)
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F i' i'cu _ O, (69)

Gi'r(h)=-thi'i'vi'i''" n li'i'_4i'i' clr( h t': clr - _i,'t )

_lhi, i'vi, i'nli, r _4i, :cld(_i, : cld _ _i,"t ) ,

(70)

i i i Bi i i i i
A clrM clr _- A clrM - A M meso - A clrM c , (71)

i i Ri i i i i
AicldM cld _ A cldM + A M meso - A cldM c . (72)

In addition, we can neglect the time-rate-of-change terms in (58) and (54).

Using the various assumptions and definitions discussed above, the continuity equations

(52)-(55) can be written as

: i ,iclr).. ":vi,:nli,",,"i' icld,clr_E i-_Ttm A = - _ :n _' l A z, clr + E clr, cld
UI

.i

a i --" i i a i i EiAclr__
-_z(A clr_/J - A M meso) + -_z(Mc A clr) -

A z

(73)

t9 mi • ) rhi,fvi,:nli, i,: E iclr,cld i"E'L( A tcld = -- _ t_/ cld + -- E cld,clr
UL g

t_ i --" i i _ i i EiAicld_ D i

-_z (A elder/_ + A M meso) + _z (M c A cld)- A' + '

(74)

O = Ei_D i t3 i i
c ,4 ), (75)

-_(a.miA i) = Zth, ,"i'vi , i'nli, i' _ ff._(_t,J.,4i)
z"

(76)
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The vertical mass flux divergence terms of (73)-(74) have been expanded to separately exhibit the

contributions associated with the mean flow, with the mesoscale circulation, and with cumulus

convection. Similarly, Eqs. (56) - (59) can be rewritten as:

(3, i.i _i ,, " i i • :vi,: ti,IA i'"fclr_i,
g

-._(m n clrA clr) = Eicld, clr hzcld-E clr,cldh clr- Zt_t'f n, _1i,? clr

L[(aiclr_f 1..,, i i i i iAMmeso)hc +(Sh) clr Aclr
ozL.

i

_ ( i i i lr1 A ck ,-,i , i
-------:-.1_ n clr ,

+ _z Mc A clrh c A t

(77)

, i,i _i ., i i i i _i, tvi, g " i'A i' ?cld_i, g

_-_(m n cldA cld) = E clr,cldh clr-E cld,clrh cld-_ n/' ]i, /_II cld

•_ c3.,__uV(Aicld_lt i i i i i+ A M meso)h cl + (S h) cld A cld
ozl_

i

ff._( "i i dl Acld,-,i,i Dih i
----"r-./_, n cld + cu ,

+ MjA cldh el A t

(78)

i

Dhcu
i Tn cld_ ii

,.,i(A clr.i A cld,i

0 = z_ _--_n clr+

iii i i

--_z(Mc A h cu) + (S h) cu A cu ,

(79)

_(mi_i Ai) = -- Z _i, gvi, i'nli, ? _i, : + Gi, t ( h ) -S-._(Ai_1"ih i)
g

• h i i i i i i_ (Ai[_"+ M'm_o( _ld- h _)1 }+ [(Sh) _aA dd + (Sh) _A _1

_z[aiMic( i i
h cu- _i)] + (Sh)iuA cu

(80)
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In (80), we have expanded the source/sink terms to show the clear, cloudy, and cumulus

contributions separately. In each of (77), (78), and (80), we have written the cumulus terms at the

end. Eqs. (75) and (79) are straightforward generalizations of corresponding equations proposed

by Arakawa and Schubert (1974). 4

As discussed by Arakawa and Schubert (1974), we can use the cumulus cloud model

represented by (75) and (79) to write the cumulus terms of (80) in an alternative form, as follows:

i -ii Oh

= AMc-_z

S_(Aimi_i) O, .i M i,hi i i--_ztA c ( cu-hi)] + A cu(Sh)cu

i

;.(A Me cu) + Oz cu(Sh)cu

[° (; J 1Aicld.i
i h icu E i A clr.i i i= - ----r-. n clr + tt cld -(S h) cu A cu

A' -7

iM iOh i " " i "
+ A _g_ + _'(E'-z) _)+ A ¢_(S'h)c.

i i EirA clr(_i i A'cld(_i i+ D (h cu- _i) + _ - hclr) + - h cld)

L A i A i

(81)

To obtain the second equality in (81), we have used (75) and (79). The entrainment terms on the

last line of (81) did not appear in the corresponding equation of Arakawa and Schubert (1974),

and represent a minor generalization of their results. These terms appear because of the

differences between the cloudy and clear subregions.

The cumulus terms of (74) can also be rewritten in a more useful form, by using (75):

4. Note, however, that the definitions of E and D used by Arakawa and Schubert (1974) included a normal-

ization by the grid-cell area; no such normalization is used here, which is why the grid-cell area appears in

the third term of (75).
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i

O . i ,i . 0_ " _iAcld D i_-_(m A cld)~ (MciAtcld)-E ---r-. +
A l

i i i

i OMc ic3A cld VDi 0 .. i .i.-]A cld D i

= A cld_zz +Mc-_z - L- k cA

; I i/iOA cld A cld
= Me _z + 1 _ D i

,. A i )

(82)

This form agrees with that proposed by Tiedtke (1993) and derived heuristically by Randall

i
(1995). It is useful because it shows clearly that the detrainment term does not try to drive A cld to

values larger than one. Similarly, the cumulus terms of (73), (77) and (78) can be rewritten as

follows:

i
O, i ,i . 0 i i iA clr

-_tm A clr)~-_z(M c A clr)-E -7

i i i

.i OMc iOAclr_[Di 1Aci_= +McFz
oz J A

i i

iaA elf DiA elf
= Mc -_z - A z '

(83)

i
O,i,i , _ ii i ""

_tm n clrA'clr) ~ _z(M c h clrA clr)-E'h'clr_

i
i i OMc i 0 ,.i ,"

= h clrA clr-_z + M c _z n ckA'clr)- [D i
+ i i I i Aiclr-_( M c A ) hclr----- T

A

iO ,,i , i A i• clr

= M c -_z n clrAZclr)- Dih clr'-":-. ,
A l

(84)
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_ i.i .i ,~ a i i i " "
_-71,m n eldA old) _z(Mc h cldA old)- EZh_cld Aicld + Dihicu

A l

i i aMc i

= h cldA cld_z

i_ i i

+ M c _z(z h cldA cld)- [D i

i
0 .. i .i.'].i ,4 cld ._.i.i

+Nt c. )],, 7 + ms)

i C_ ,.,i ,i , il i hicldAicldl= M c _ztl cldA cld) + D h eu- Ai )

_, i,i , c_. i-i i

It may seem surprising that cumulus detrainment influences _-TI,m A clr) and _-7(m h clrA elf), as

indicated in (83) and (84), but the explanation is simple: detrainment decreases the clear area

because it increases the area occupied by the stratiform cloud. In (83), the detrainment term

i i i
decreases A elr, but because this term is proportional to A clr it will never make A elr < 0.

Similarly, the detrainment term of (82) tends to increase A icld, but it will never make A icld > 1

Aicld
because it is proportional to 1 -

A i

4. Parameterization of intra-cell mass exchanges

4.1 The relationship between cloud perimeter and cloud area

The boundary between the cloudy air and the clear air is an obvious site for evaporation

and/or sublimation to occur (hereafter we use the term "evaporation" as a shorthand for both

evaporation and sublimation). The lateral mass exchanges between the clear and cloudy sub-

regions of a cell occur across cloud lateral boundaries, so the rate of such mass exchange would

be expected to vary in proportion to the cloud perimeter. From this point of view, Eicld,clr and

i
E clr, cld should depend in part on the amount of lateral "cloud edge," or the length of cloud

perimeter, that exists within the cell. 5
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Therearemany possiblerelationshipsbetweenthe total cloud areaandthe total cloud

perimeter.To illustrate this, we considertwo possibleways in which the cloud area could

increase.As a first example,supposethat a stratiform cloudis dividedinto n 2 identical square

sub-clouds, each of area a = N 2/n 2 and each separated from the others by clear spaces of the

same size as the clouds. This "checkerboard cloud" is illustrated in the let_-hand panel of Fig. 3.

m
R

m
U

Figure 3: Two grid cells, each with a fractional cloudiness of 25%. In the cell on the left, the
cloud has the form of a rectangular block. In the cell on the right, the cloud is divided into four
blocks. The cloud perimeter is twice as large in the cell on the left. It could be made even larger
by dividing the same cloud area into a larger number of smaller cells.

The perimeter of an individual cloud is 4N/n, and the total perimeter of all clouds is 4nN.

Suppose that the cloud area increases through a process in which the areas of the individual

clouds remain constant, while more clouds (of the same size as those already present) are added;

in other words, some cells of the checkerboard are converted from clear to cloudy. Then if the

cloud area is small, the total cloud perimeter increases in proportion to the number of clouds,

which means that it increases in proportion to the total area occupied by the clouds:

Perimeter ~ Area. (86)

This scenario is analyzed in more detail below.

5. Evaporation and/or sublimation can still occur even if a grid cell contains no clear air, e.g. due to large-

scale sinking motion, but such phase changes do not necessarily reduce the cloud area until the final and

complete destruction of the cloud occurs.
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As a secondexample,supposethat the cloudy portion of the grid cell is arrangedin a

singlesquareblock of areaN 2 , as illustrated in the right-hand panel of Fig. 3. In this case, the

perimeter of the cloud is 4N, so that the total cloud perimeter varies proportion to the square root

of the area:

perimeter ~ _. (87)

We now analyze the first possibility above, in some detail. Again, consider a checkerboard

cloud field, consisting of an array of square cells, each with area a. Each cell can be either cloudy

or clear. Suppose that a certain number of cloudy cells are randomly arranged in the field, while

the remaining cells are clear. If we randomly choose a clear cell to be converted into a cloudy cell,

what happens to the total area and total perimeter of the cloud field? The total cloud area increases

by a, but the change in perimeter depends on whether or not the new cloudy cell has cloudy

neighbors. If each of the four neighbors (across cell walls) is clear, then the perimeter increases by

4,4t_. If one of the neighbors is already cloudy, then the net change in perimeter is 2,fa. If two

neighbors are cloudy, there is no net change in the perimeter. If three are cloudy, the perimeter

actually decreases; the net change in this case is -2,fa. Finally, if all four neighbors are cloudy,

the net change in the perimeter is -4,fa. For a random arrangement of clouds with fractional area

f, the probabilities of zero, one, two, three, and four cloudy neighbors are as indicated in Table 1
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and Fig. 4. A simple calculation shows that the expected change in the total perimeter, when one

Number of

cloudy
neighbors

Probability
Change in

perimeter

0 f4 44_

1 47(1-f) 2'4 t'_

2 6d(1 _f)2 0

3 4f(1 _f)3 -2,4_

4 (1 _f)4 -4 ,,fa

Table 1" Probability and incremental change in total cloud perimeter for an
array of square cells. Here neighbors are counted only across cell walls.
See Fig. 4.

I-]- I--I -IZ
0

F-q- - !--i° I-
0

0

•_ m S-o 0 0

0

Figure 4: Here we display all possible combinations of square cells with two neighbors across
cell wails; the positions of the neighbors are indicated by the dots. Duplicates are shaded; there
are 6 unique arrangements, This is where the factor of 6 comes from in the third row of Table 1.

cloudy cell is added, is
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d(perimeter) = 4,fa(1 - 2f). (88)

Integration gives

perimeter(f) = 4 4taf( 1 - f). (89)

The perimeter thus increases most rapidly with f when f is small, reaches a maximum when

f = 1/2, and decreases symmetrically with further increases in f.

Obviously the preceding example, with its array of square clouds, is not very realistic.

Real cloud fields do sometimes resemble arrays of hexagonal cells, however. In contrast to square

arrays, hexagonal arrays have the nice property that every neighbor lies directly across a cell wall.

For a hexagonal cloud field, we obtain the probabilities and perimeter changes shown in Table 2

and Fig. 5. The result is almost the same as before:

Number of

cloudy

neighbors

0

1

2

Probability
Change in

perimeter

f6 6l

6/(1 -f) 4l

157(1 _f)2

207(1 _f)3

15/(1 _f)4

6f( 1 - f)5

(1 _f)6

2l

-2l

-4l

-6l

Table 2: Probability and incremental change in total cloud perimeter for an
array of hexagonal cells. Here / is the length of one segment of a
hexagonal cell wall. See Fig. 5.
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d(perimeter) = 6l(1 - 2f) , (90)

perimeter(f) = 61f(l - f) ; (91)

here 1 is the length of one cell wall.
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4.2 Parameterization

Assuming that the cloud field is divided into an array of cloudy cells, we expect the total

perimeter of the cloud field to vary with the total area of the cloud field in accord with the

f( 1 - f) dependence shown in (89) and (91). This motivates the following assumptions:

AcldAclr qc" . .i

_C cld,clrmi A i _ evap evapEicld, clr = _ J qZc + '
(92)

i i -[ . i .i
Ei iAiIA cldA clr I qcc°nd'+" qi c°nd 1"

clr,cld = Cclr, cld m L' (_)2 _ L(qic + qii)(1 --R-_clr).J

(93)

Here Ccld,clr and Cclr,cld are nondimensional parameters,assumed for simplicityand in the

• / . /

absence of evidence to the contrarytobe constants;(qc) evap- 0 and (qi)cvap-<0 arc therates

of change of qc and qi due to evaporationin the cloudy partof grid celli; (qc)Icond> 0 and

• i
(qi)cond ->0 are the corresponding ratesof change of qc and qi duc to condensation in the

cloudy partof gridcelli;and RHiclr- (qiv)clr/(qi*)clristhe clear-airrelativehumidity of grid

i i i i
cell i. Both E cld, clr and E elf, old are assumed to be proportional to A cldA elf, which, in turn, is

assumed to be proportional to the total perimeter of the cloud, based on the arguments given

above. According to (92), evaporation is associated with a transformation of cloudy air into clear

air, which becomes very efficient when qic + qii --_ O. Similarly, (93) states that condensation is

associated with a transformation of clear air into cloudy air, which becomes very efficient when

RH/clr -_ 1, i.e. when the relative humidity of the clear air approaches 100%. When the relative
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humidity of the clear air reaches 100%, the denominator of (93) goes to zero, which means that

E i old = 0; this means that we can create cloud directlyclr,cld can become non-zero even if A i

from clear air as the water vapor mixing ratio of the clear air reaches saturation.

We can develop a further interpretation of (92), as follows. Begin by writing

{_ i i i " }_-7[m A cld(q c + q'i)]
evap

i . i . i " "F_''I= m Acld[(qc ) evap + (qi) evap] + (q'c + qti),__. ..,(m'A'cld)evap

i . i . ,i " i i
= m Acld[(qc ) evap+ (qi) evap]-(q'c + q i)E cld, clr •

(94)

The left-hand side of (94) represents the total rate of evaporation of cloud mass inside the grid

cell. According to (94), this total consists of a part that comes from the reduction of the cloud

i . i . i
water mixing ratio within the cloudy region, given by m Acld[(qc ) evap + (qi) evap] ; and a part

• i i
that comes from a reduction of the cloud area, given by -(q_c + q i)E cld, clr • Let the ratio of these

two contributions be denoted by Bevap, i.e.

rate of cloud destruction by transformation of cloudy air to clear air

Bevap - rate of cloud destruction by reduction of the in-cloud condensate mixing ratio

• i i
(qtc + q i)E cld,clr

i . i . i
m Acld[(qc ) evap+ (qi) evap]

(95)

Rearranging (95) gives

.i .i

i qcevo+ lEicld, clr = -Bevapm Acid[ "7- vap .
,,. qc+

(96)
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Comparing (96) with (92), we see that

rate of cloud destruction by transformation of cloudy air to clear air

Bevap - rate of cloud destruction by reduction of the in-cloud condensate mixing ratio

i
A clr

= Ccld,clrT •

(97)

i i
Recalling our assumption that Cold,el r is a constant, we see that (97) states that when A clr/A is

small, i.e. when there is very little clear air in the grid cell, the destruction of the cloud is mostly

due to a reduction in the in-cloud condensate mixing ratio, and reduction in the cloud area is

secondary. In effect, we are assuming that the transformation of cloudy air into clear air is favored

by pre-existing clear air. This assumption implies that, if the grid cell is completely filed with

cloud, clear air can be produced only by reducing the condensate mixing ratio to zero, at which

i
point E cld,clr --_ _. As the area covered by clear air increases, the transformation of cloudy air to

clear air becomes increasingly important, relative to the reduction of the in-cloud condensate

mixing ratio.

To similarly interpret (93), begin with

fO.- iAi . i
_Ttm cld(q c + qii)] }cond

iAcld[(qc ). icond (qi)" icond] " qi [__ i i= m + + (q'c + i),_v.(m A eld)lcond

i . i . i " i i
= m Acld[(qc ) cond + (qi) cond]-(q'c + q i)E clr, cld ,

(98)

and define
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cloud generation by transformation of clear air to cloudy air

Bcond - cloud generation by an increase of the in-cloud condensate mixing ratio

• i i (99)
(q_c+ q i)E clr,cld

m )i i ] 'iAcld[(qc cond+ (t_i) cond

so that

• i

i i f(qc) cond + (qi)icond 1

Eclr'cld = Bc°ndmAcldL _qic --+qii) I"
(100)

Comparing (100) and (93), we see that

Bcond =
cloud generation by transformation of clear air to cloudy air

cloud generation by an increase of the in-cloud condensate mixing ratio

Aicl_( 1 )- 1- RI¢c "

(101)

i i i
An interpretation of(101) is that, for a given value of A clr/A , as RH clr ---) 1 cloud generation

by transformation of clear air to cloudy air dominates over cloud generation by an increase of the

in-cloud condensate mixing ratio. In other words, transformation of clear air to cloudy air is

favored if there is lots of humid clear air available. On the other hand, as the cloud amount

approaches 100%, for a given value of R/-ffclr, cloud generation by an increase of the in-cloud

mixing ratio dominates over cloud generation by transformation of clear air to cloudy air.

It is useful to compare (92) and (93) with the corresponding parameterizations of Tiedtke

(1993), which are (using the notation of the present paper)

Eicld,clr = 0, (102)
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, i}/ _m ( 1 _Max_',0E clr, cld- m __ (103)
A' q'* 1 - RI-I_clr ) L dt

dql,
Here --_ is (in Tiedtke's parameterization) proportional to the rate of production of cloud water

and/or cloud ice by condensation. In contrast to Tiedtke (1993), we permit a non-zero

i
"evaporative mass flux;' E cld,clr. On the other hand, our parameterization of the "condensation

i

mass flux" E i iA elf( 1 )
elr, elcl is similar to Tiedtke's in that both are proportional to m 7_1_ £/-flelr

times a measure of the condensation rate.

11 Computational procedure

Using (81)-(85) and (92)-(93), we now rewrite (73)-(80) as follows:

O , i ,i , _i, rvi, i' " f f4 i' fclr

NI, m A elf) = -Zt, nit' _i,t"

ri C (qc i + . i . i . i

_miAiA eld_...AAk cld,clr_ eva.p evap +Celt,old i---"7"_'.'."
(A i) q'c + /_q c + q i)( 1 - R/-/tclr).J

i --" AiMirneso)+lMiOAiclr oiAiclrl
-_z(Ao_rg- ( cFz T/'

(104)
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t_. i ,i . Fni, i'vi, g " :_4 i'fcld

_71,m A cld) = -Z: nit' _.ti, r

miAiIAicldA clr _ V qc cond + qiicond 1 (qc" ievap + . i+ ........ + Ccld,clr_ ' Z + evap
(A i) Uck'cld[(qi c + qii)(1 -_ RHiclr)J

0 i --" i i V iOA cld

-_--_z(A cld_-'/t + A M meso) + LM c _z + 1 -1

AicldlDi ]

7) J'

(lO5)

"O-itm'a ) =c3,i ,i, zthi' :vi' :nli' : - ff-ff-z(_:Ai)'
(106)

ff._(mih i i " :v i, : " :ft i' gclr_i, :
clrA clr) = -Ztht'g nl" f,ti, g clr

. i .i . i .i

If (ev° °/vap[ qcc°n'+qc°  1ti i qc + t.-,clr,cl d+ miAiVA cldA.clr Ccld,clr 7 .....

L (Ai) 2 q c + (q'c + q'i)(l - R/flclr)J

i _i i i i i i
A M meso)h (S h) clr A clr-_z[(A clrM- clr] +

E i 0 i " DihiclrAiclrlMc herdA'eta)- A' J

(107)

,. i.i ,i . i, : i,i' " rA i'' :cld_./i,i'

_-_(m n cldA cld) = -ZFni' v nl" _4i, i, cld

i ,iFA cldA clrqf,-, F qc cond + qi cond qc evap + vap

+ m A [ _i.'_ |_ (-'clr,cld[. i- -- "_. "" _ - Ccld, clr _"
L (A) JL k(q c + q i)(l -- RHiclr)J q c +

c3 E i --i

i i i-I i i

-_z (A cldM + A M meso)h cldJ + (Sh) cld A cld

+ [ ( ii O i i i i i A_ld_]
M c -_-(zh cldA cld) + D h cu- h °"-2-)J '

(lO8)
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._.. _ rhi,i'vi,i'li,:l,i,i'(m'h'A') = _ n +ZGi'g(h)

g

• i i i i i i
- O---{Ai[ff4Jh i+ MSmeso(h cld + + A clr(S h-h clr)] } [A cld(Sh)cl d )clr]

Oz

AiM io_i i i ]i i Ei[A clr(_i i Acld(_i i
+ c _z + D (h cu- _i) + __ - h clr) + - h cld)

L A i A i J "

(109)

Following Tiedtke (1993), we prognostically determine Atcld. In view of (66), there is no

i i i
need to predict A clr and A cld separately; prediction of A cld suffices, since (66) can then be

used to diagnose A iclr.

Consider two possible ways to use equations (107)-(109):

Method A: Separately predict the properties of the clear and cloudy sub-regions. To

determine _i, we could use (67). This approach is simple, and it is fine in

principle, but practical and/or philosophical objections can be raised, along the

following lines: Existing models predict _i Rewriting a model to predict h i• clr

i
and h cld would be a lot of work. Other current and/or future cloud

parameterizations do/will not make use of the framework proposed in the

present paper, so building this framework into a model at the "foundation level"

seems unwise.

Method B: Continue to predict _i, as in current models, using (109). In addition, predict

i i i
.4 cld and h old - h clr, the latter using an equation to be derived below. From

i h ithese predicted values, diagnose h old and clr using
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hi f i (
cld = + 1 (110)

and

hiclr _i Aicld,., i i= : tn cld-h clr), (111)
A t

respectively.

We use Method B to predict the generalized moist static energy and the water vapor mixing ratio.

We use Method A to predict the condensed water variables. Further discussion is given in Section

6.

i i
For use with Method B, we need a prognostic equation for h cld- h clr, which can be

derived as follows: By using (104) in (107), we can obtain the advective form corresponding to

(107):

clr _ 1 _ _i, gv i, :nl" :A clrl,_i, : _ iOt miAicl r _ clr h clr)

i .i .i ]C (A cld_(qc evap + q.___,evap (hicld - hiclr)

-cld, clr_ A--'i'r-)_ qi'-_c+q i j

• 0 clr (Sh) clr Moo ct,.
i i OZ

mkA m m

(112)

Here we have used (45). Similarly, we can show that
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-- / t"_i' t_cld/ hi' g
Oh ida 1 E Fni' t'vi, _" l i, i
Ot miAicl d g n _ -_ ( cld- hcld)

• .i

_ (Atclr_F O ctcond + q_./cond 1;- -'-TT-
\ A JL(q c + q i)(1 - R/-/Zclr)J

i i
(h cld - h clr)

{_ lliIAlCi_ 10_jtj_. ii i i iOz

i i (Sh) cld Mc Oh cld
cld + _ + _m-- + (M/old - M/clr) i_.,

m/A m m

D i i "
( h cu - h 'old)

iAim cld

(113)

In the horizontal advection term of (112) and in the horizontal advection and cumulus detrainment

i i
terms of(113), there is an apparent danger ofdivision by zero when A clr --'> 0 or A old --+ 0. The

i i
physical meaning is that h elr can be instantly "re-set" by advection when A elr = 0, and that

hicld ican be instantly re-set by either advection or cumulus detrainment when A cld = 0. The

danger of division by zero can be eliminated through the use of suitable finite-difference methods.

Details are discussed in Appendix B.

i i
To obtain a prognostic equation for h cld- h clr, subtract (112) from (113):
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c3 i i
h cla- h

Ol

= _ m i, Z'vi, _nl_, t A z, _". . cld
l l

z" \ m A cld

t" i
cld - h cld)

• rl • _

. . clr (h i,
+ Z m_'fvi'Znll'Z _4i'z" Jl l

? mAclr

clr- h clr)

i i i .t .i

(h cld- h'clr']I ..., (A'clr_(qccond+qicond I (Aicld_..i.....  cl ,o Lv),qcova 
-\ 7 + qii Jl("clr'cldt A i Jt 1-RHiclr

+ q iievap) }

(M_.]_.d A cld0h clr /
i Mc__._lril i i_VlJo,,i i (A c.._kO2 cld i i

-":=-(ncld-hclr)- + 7_ z )m 'Oz m' )_ A i Oz

i i
(Sh) (Sh)

i i
m m

i i D i i
+ (hcld- h clr)+ (h cu- h cld) •

k m ld

(114)

i •

The lateral mass exchange terms of(114) act to damp (h cld- hZclr) towards zero.

i _i i i iIn order to predict A old, and (h cld- h clr), we must determine Mimeso, Mcl d

i
Mcl r . Methods to do so are discussed in Section 7.

, and

6. Microphysical processes

The microphysical parameterizations of the model, which represent the microphysical

processes occurring in the cloudy portion of the grid cell, basically follow those described by

Fowler et al. (1996). We distinguish a total of five prognostic water species: water vapor, with

mixing ratio qv; cloud water, with mixing ratio qc; cloud ice, with mixing ratio qi; rain falling

from stratiform clouds, with mixing ratio qr; and snow falling from stratiform clouds, with

mixing ratio q s" Our bulk cloud microphysics parameterization also includes a prognostic
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equation for the generalized moist static energy, h, defined by Lord (1978) and discussed by

i
Fowler et al. (1996). In addition, of course, we prognose A cld.

Each of the six thermodynamic variables (h, qv, qc, qi, qr, and qs) is assigned values

for the cloudy and clear regions separately, although as discussed in Section 2 we define the clear

sub-region to be one in which the mixing ratios of cloud water and cloud ice are zero. Table 3

summarizes the prognostic thermodynamic variables used by Eauliq NG. The model prognoses

Variable Definition Symbol

Mean generalized moist static energy

Generalized moist static energy difference h cld - h clr
between cloudy and clear air

Mean water vapor mixing ratio qv

Water vapor mixing ratio difference (qv)cld- (qv)clr
between cloudy and clear air

Stratiform cloud area A old

Cloud water mixing ratio in the cloudy
sub-region

Cloud ice mixing ratio in the cloudy sub-
region

Rain water mixing ratio in the cloudy sub-
region

Rain water mixing ratio in the clear sub-
region

qc;

The subscript "cld" is

omitted on the grounds that
it would be redundant.

qi;

The subscript "cld" is

omitted on the grounds that
it would be redundant.

(qr)cl d

(qr)el r

Table 3: Prognostic thermodynamic variables used by Eauliq NG.
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Variable Definition

Snow mixing ratio in the cloudy sub-
region

Snow mixing ratio in the clear sub-region

Symbol

(qs)cld

(qs)clr

Table 3: Prognostic thermodynamic variables used by Eauliq NG.

(i.e. time-steps) the grid-cell averaged generalized moist static energy, and the difference in

generalized moist static energy between the cloudy and clear portions of the box. Similarly, the

model prognoses the grid-cell averaged water vapor mixing ratio, and the difference in water

vapor mixing ratio between the cloudy and clear portions of the box. In the terminology of

Section 5, we use Method B for the generalized moist static energy and the water vapor.

The model also prognoses the cloud water mixing ratio in the cloudy portion of the box

(which can be considered to be the difference between the cloud water mixing ratio in the cloudy

and clear portions of the cell). Similarly, the model prognoses the cloud ice mixing ratio in the

cloudy portion of the box. There is no need to separately prognose the grid-cell averaged values of

the cloud water or cloud ice, but we can diagnose them, if we wish, using (67). This means that

Method A is used for the cloud water and cloud ice.

Precipitation obviously originates in the cloudy portions of grid cells, but it can fall into

either the cloudy portion or the clear portion of a lower-level cell. We use Method A to predict the

rain water and snow mixing ratios in the cloudy and clear sub-regions of each cell.

Mesoscale circulations

Background

As discussed in the Introduction, we assume that the stratiform cloud under consideration

is and remains through time neutrally buoyant with respect to its clear environment. Neglecting

Oust temporarily) virtual temperature effects, this neutral buoyancy condition can be expressed

by:
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]" = Tcl d = Tclr; (115)

w

F = Fcld = Fclr, (116)

c3T is the lapse rate of temperature; and finally
where F - #---7

d 7, dTcld dTclr
dt =-d-i =-d7 (117)

We cannot simply assume that (115)-(117) are satisfied; a physical process must act to ensure that

they are satisfied, and such a process can produce additional effects that go beyond (115)-(117).

A candidate process is proposed below.

Consider a non-precipitating stratiform liquid water cloud that is caught up in dynamically

imposed large-scale vertical motion, which could be either upward or downward. For simplicity,

suppose that radiative cooling and horizontal advection are negligible, and neglect cumulus

effects. We temporarily assume that within the cloud layer the cloud amount is 100%. As the

cloudy air rises or sinks, it cools or warms along a moist adiabat, so that

DT
nDt -_F m in cloud (118)

where the Lagrangian derivative is defined to follow the mean motion:

Dt -'_( )+V.V( )+ _z )" (119)
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In (119), which is (for purposes of this section only) the definition of the Lagrangian derivative,

we include a term that represents horizontal advection, even though we are currently assuming

that horizontal advection is negligible. We have used the mean vertical velocity, _, in (119), with

the understanding that because the cloud amount is 100% by assumption, _ = Wcld.

The dry air above cloud top follows a dry adiabat, so that

DT
- -_F d in clear air. (120)

Dt

Here we have used the mean vertical velocity, with the understanding that because we are

considering a level above the cloud top, _ = w elr. Suppose that at a given moment the

temperature varies continuously with height. For _ < 0, the sinking air will subsequently warm

both above and below cloud top, but more rapidly (along the dry adiabat) above cloud top, and

more slowly (along the moist adiabat) below cloud top, so that after some time there will be a

discontinuous upward increase of temperature across the cloud top. This illustrates that large-

scale sinking motion tends to produce sharp cloud-top inversions, which are of course often seen

at real cloud tops. Although there are additional mechanisms, such as radiative cooling, that can

promote the formation of inversions at stratiform cloud tops, we note here that large-scale sinking

motion alone sutfices.

For _ > 0, the rising air cools both above and below cloud top but more rapidly above, so

that an initially continuous temperature profile tends to develop a statically unstable upward

decrease of temperature across the cloud top. Of course, small-scale convection will very quickly

develop so as to prevent such a statically unstable layer from actually being generated (Arakawa

and Schubert, 1974).
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Acld

Now allow the possibility of fractional cloudiness, denoted by f - A " We continue to

suppose for simplicity that radiative cooling, horizontal advcction, and cumulus convection are

negligible. Assume that the temperature distribution is initially horizontally uniform and

vertically continuous. Consider the case of large-scale subsidence. As the sinking cloud

evaporates, its temperature increases along a moist adiabat. If the environment at the same level as

the cloud sinks at the same rate as the cloud, its temperature will increase more rapidly, along the

dry adiabat. This means that after some time the cloud will be colder than its environment at the

same level, so that (l 15)-(I 17) will be violated. We can avoid this predicament if we allow the

vertical velocities experienced by the cloud and the environment to be different, i.e.

aTcld

b_ = Wcld(reld- Fro)'
(121)

OTclr

8-7 = Wclr(r cir - r a)" (122)

The large-scale vertical velocity is given by the area average of the vertical velocities of the cloud

and its environment:

= fwcld + ( 1 - f)Wclr. (123)

Equations very similar to (121)-(123) were studied by Bjerknes (1938), although he did not use

( 115)-(117). Combining ( 115)-(117) and ( 121 )-(123), we find that

I f(ra-rm) 1Weir- w = - f(Fa - F'_- ('[ "-"7)'(r - 1"m) _
(124)

and
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I ( 1 - f)(Fd- Fro) 1Weld_ _, = f(rd-F)-(1-f)(F-Fm) _, (125)

are the mesoscale vertical velocities needed to keep the cloud and environment at the same

temperature. From (124) and (125), we see that Wcl r = Wcl d = 0 if _ = 0; this is natural,

because in the present simplified scenario it is only the large-scale vertical motion that is

disturbing the equilibrium of the system. Suppose that F = F m, which will be the case if

turbulence keeps the interior of the cloud in a well-mixed state. Then (124) and (125) reduce to

Wcl r = O, (126)

u

w (127)
Wcld = 7"

These results mean that, within the current but temporary restrictive assumptions, vertical motion

occurs entirely within the cloudy region, and not at all in the environment. The cloudy air rises, or

the cloudy air sinks. The environment sits still. If a large-scale dynamical process imposes large-

scale vertical motion on a region containing fractional cloudiness, the cloudy air carries out the

required vertical movements, depending on the value of f, but the environment does not join in.

Such differences in vertical motion between the cloud and its environment can be interpreted as

consequences of an adjustment process, which counteracts the warming or cooling of the cloud

relative to its environment so as to maintain a state of balance, with no horizontal pressure

differences between the stratiform cloud and its clear environment.

As discussed earlier, the mesoscale circulations represented by (124)-(125) or (126)-(127)

transport various quantities vertically. From (124) and (125), the mesoscale mass flux can be

written as
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If (Fd- Fro) ]Weld -- Welt = (Fd- F) - ( 1 - f)(F - Fro) _"
(128)

In case F = F m , this reduces to

w

Wcld- Wclr = .7' (129)

which implies that, for a given _, a strong mesoscale mass flux is favored by a small cloud

fractional area. If the cloud amount approaches one, the mesoscale mass flux goes to zero. Note

that the mesoscale mass flux has the same sign as the large-scale vertical motion; in the case of

large-scale subsidence, the mesoscale mass flux is downward.

7.2 Parameterization of the mesoscale mass flux

The preceding discussion is intended to show that the mesoscale circulations should act in

such a way as to remove buoyancy differences between the stratiform cloudy and clear air. At

present, we parameterize the mesoscale mass flux by introducing a simple prognostic equation for

i i i i
w old - w clr, based on (114), which allows w old - w clr to increase due to mesoscale buoyancy

forces:
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!0 i i cld (fvi,: i_7(w old- w clr) = - ; ; old- w cld)
" m A cld

z(mi':vi'f li''"':In
t A t, clr (-_4j, t_ i• - clr-Wclr)

l l
f \ mAclr

i i II i . i .i
-(w-? -w-''clrC (Aclr](qcc°nd+qic°ndl'-'- t:cla,ctr_TJtqc(Aicld]''ievap

\ q c + qii Jt
+ qiievap) }

_k/JO. i /M _ i i i +

• i Mclrl(AclrOWcl d AicldOwiclr I

-2 w°l - )- -2 Ji -2 7 )

+ T [(Tv) ela- (Tv) elf]

i 1FMc a i i ( D' _,.i icld) •

/''_. "=-(W cld- w clr) + _ .---: tw cu- wLm' Oz mZA'cld)

(130)

Here T v is the virtual temperature. We include condensate loading in the definition of T v . The

pressure terms of (130) must be parameterized or neglected; we currently neglect them. We expect

i i
that the effect of w cld-W clr, as predicted using (130), will be to limit (Tv)cld-(Tv)cl r to

i i
relatively small values -- relative, that is, to what might occur if w cld - w clr = 0. In other words,

i i
we expect that the use of (130) will produce values of w cld-w clr which act to keep the

stratiform cloud neutrally buoyant with respect to its clear environment.

i i _J
Once w cld- w clr has been determined using (130), we can obtain Mmeso from

i i i
M/cld - M/clr = m (w cld-W clr) (131)
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i
with (45), and Mold i and Melr from

Meld i = _" + (1 A_ld (1v[icld_ Miclr)
(132)

and

i

Miclr _ _ A cld(Micld _ Miclr), (133)

A z

respectively. We assume that _ is determined by the large-scale model.

8. Summary and conclusions

We have formulated a generalized version of Eauliq, the stratiform cloud parameterization

developed by Fowler et al. (1996). The new version, called Eauliq NG, has the following

enhancements:

A prognostic stratiform cloudiness, similar to that of Tiedtke (1993).

Separate prognosis of the thermodynamic properties of the cloudy and clear air.

Fully consistent incorporation of the cumulus terms as they affect the microphysical

variables and the cloud amount.

Diagnosis of distinct vertical motion fields for the cloudy and clear portions of each

grid cell, formulated in such a way that the stratiform cloud tends to remain neutrally

buoyant through time. These distinct vertical motion fields are used consistently in the

prediction of all thermodynamic fields.
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We have not considered mesoscale fluctuations of the horizontal velocity, even though

they are implied (through continuity) by the mesoscale fluctuations of the vertical velocity which

we have included in our model. This deficiency should be remedied in the future.

This technical report is being published in order to record the preliminary formulation of

Eauliq NG prior to its testing in a single column model and subsequently in a general circulation

model. The final version of Eauliq NG may depart somewhat from the description given here,

depending on the outcome of such tests.
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Appendix A

Analysis of Vertical Fluxes

We can rewrite (46) as follows:

i i i i
A clrM clr Ai_4 J i "- A cuM'cu= A cldM cld- , (134)

or

i i
A M clr Ai_l j i " i "A cld(Mlcld Miclr) - Miclr),.... A cu(M'c. (135)

or

i i i i

i i i _i A cldA clr(Micl d Miclr) A clrA CU(Micu Miclr)A clrM clr = A clrM ..... •
A t A i

(136)

Similarly, we can rewrite (47) as

i i i i i "
A cldM old A i_V11 -A cuM 1= - A clrM clr cu, (137)

or

• " i " i "
A'M'cld = Ai_ + A elr(M_eld- Miclr) - A cu(M_cu - M_'eld), (138)

or

i i i __i
A cldM eld = A cldM +

i i i i
A cldA cu.../

A cldA clr(M/cld - M/clr) _ 7 (,MCU -- Mic]d)A _ -
(139)
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The large-scale flux of h is given by

• " ,i • i .i i i i i " i
At'm"_wh t = A clrM clrn clr + A cldM cldh cld + A cuM_cuh cu (140)

Substituting from (136) and (139), we find that
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i i i 1

• " ,i A cu.,j " i

At_wh' = A clr_t/-i--" A c]dA7 clr(mJcld_ miclr)_ A clr--'7-"tMCUAt -- mSclr) h clr

E i 1i i i A CU:mi " i

+ Aicld_rt--" + A cldA7 clr(m/cld _ miclr) _ A cldTI , cu -- mtcld) h old

i " i
+ A cuMlcuh cu

i i

--" i i i i A cldA clr_,.,,,/_'cld " i i_'l(A clrh clr + A cldh old) + • - Mtclr)(h cld- h clr)
l

A

i i i
i Acu.,j ,i Acu.../ " i iA cu,./ t,i

M_clr)h clr- A cld'--'r-. I,Mcu-- M_cld)h cld + A ""-r'Mcu,, cu
-A clrTtMcu-- " i A z A z

_" i i i i i i
_(A clrh clr + A cldh old + A cuh cu) +

i i

24 cldA clr(M/cld " i i- MSclr)(h cld- h clr)
A i

+ hicu[ i " " i i " " i i "- A clr(Mtcu - MSclr)h clr- A cld(Mlcu - Mtcld)h old + h (MScu - Mr/)hicu]

A l

i i
• " " " " i i

= At_rt_, + a cldA clr(macld - MSclr)(h cld- h clr)

A i

+Aicu{M/cu[_ i i i i i iA clrh clr- A cldh cld + A h cu]
A _

i " i i " i i--" i
+ A clrM_clrh clr + A cldMacldh cld-A _9/_h cu}

(141)

• . . i i

AZ_l_z + A cldA clr_,.,,t,hZr/cl d " i i- - MZclr)(h old- h clr)
A t

i

+A c..__u

A i

i i ii "" i " i i--'i |
-A F_tlh cuMicu[-Aikti+ A cuh cu + .4 h cu] + (AiMZh I -A ou)

• • °

= +
i i

A cldA clr(M/cld - " i i " -- i-  ld-hgCtr)+ a M)(h
A z

• i i Mic(htcu .= Ai[_tfihi+Mameso(hcld-hclr)+ " __i)1
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Appendix B

Time-Differencing

The prognostic equation for the cloud amount, (105), is repeated here for convenience,

with a slight expansion and rearrangement of the terms:

i

ff__(mi/) i " i
= Ig cld + mi(/)(1-/)Z cld+( 1 -/) , (142)

where for convenience we define

i

A cld

A i

(143)

.i .i 1

i 1 F (qc cond 4- qi cond_ .i i
Z cld = . i./Cctr,cld[ ?-'S._---"- / + Ccld, clr(qc evap + qi evap) , (144)

(q_c+ q i)L \ t -lttlclr )

and

i 1 thi, fvi, fli, t"_4i'£ iC3/ ffZ(/_--//4- g/meso ) (145)
t_ cld +

_1/ cld - - n _
A i _i,? Mc _z

i
Note that Z cld can diverge to either plus or minus infinity. Here we discuss the time differencing

of the lateral mass exchange and cumulus detrainment terms, which are shown explicitly in (142).

We write
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(mi/)n + 1 _ (mi/)n = _I/cld
At

+ mi(/)n+ 1[1-(f/)n+l i +l]Dl. "]7,, cld + [ l - (f/)n
A l

(146)

Here superscripts n and n + 1 denote successive time levels, and At is the time step. Eq. (146)

can be solved as a quadratic equation for (f)n
+ 1.

I

[(/)n+l 2 i i +1( i i Di].,'1] m Z cldAt + (/)n 1 - m Z cldAt + -_At

(147)

- +WcldAt+ At = 0

The solution is

(/)n+ 1

i i D i
1 - m Z cldAt + --=.At

l
A

i i
2m Z cldAt

J( °'1 E °',li i + tF cldAt + -_A1 - m Z cldAt + 7At + 4(mizicldAt) (mi/) n i

4_
2m i iZ cldAt

(148)

Consider a simplified case in which lateral mass exchange is the only process. Then (148)

reduces to

_/( i i 2 ....i i 1-m Z cldAt) + 4(mZZZcldAt)(m'f) nr_dn + 1 = 1 -m Z cld At + (149)_JJ ii - ii "
2m Z cldAt 2m Z cldAt
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I/IFor the special case X cld --> oo this further simplifies to

_)n+l 1 + 1
( 2-2" (150)

If we choose the plus sign, we get (/)n + 1 = 1 ; if we choose the minus, we get (/)n + 1 =1.

i i
It thus appears that we should choose the plus sign for Z cld > 0, and the minus for Z cld < 0.

i
Now consider a second special case in which Z cld = 0. Then (147) reduces to

(/)n+ 1

i D i
(mi/)n+ gt cldAt + ----:At

A z

O i
1 + ---:.At

A l

(151)

For O i /)n+ 1-_ oo we get ( = 1, as expected.

i i
Next, consider (114), the prognostic equation for h cld - h clr"

L( i i -- (h cu-h cld)h cld h clr) f'(h) i i i i i- = -_t (h cld-h clr) + i i
at m A cld

(152)

Here for convenience we define
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f (h) £ni'evi'rnli'r_4i'_"= _ . . " cld- h cld)

., mtAZcl d

Z( m'' :vi' :nli't"" : At' clr (h i' rclr - hiclr) - _--
: \ m Atclr

_4fl C3, hi
__-zl, cld- hiclr)

m

, i i_( i i i i (Sh) cld (Sh)iclr
l .... A cldOh clr_ iMcld Mclr A clrc_hcld+ 2 _-z )+ i i

-- " i m i )_ Ai C3z m mm

i

+ -h elf)

m

(153)

i
i .i +.i i

[ (A clr'_(qc cond qi cond_ C (A cld_,, i

" 1 " iCclr,cld_'_-_/ l_RHiclr-J-cld,clr_TJLqcevap
(qZc + qt i) k

i t+ qi evap ) (154)

Note that

(155)

We can rewrite (152) as

i i
-_.--(h cld- h clr)
C)t-

D t i i

Idi(h)+imiAicld)(h cu-h elf)l- Igi + ""

D i _,h i i
i .i "" ]( old- h clr).

m A cldJ

(15s)

We write

(hicld-hictr)n+1-(hZcld-hiclr)n = (h)

At

D t i i

D/ ._'h' i n+l- [.ti + miAicld]{, cld-h elf)

(157)
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The solution is

i i n+l
(h cld- h clr)

• in(htcld - h clr) + At (h) +
D i i

(h cu-h clr)

m ld

1 +At _ti+
i i

m A cld

(158)

For D i --+ m, we get

i i n+ 1 i h i(h old- h elf) = h cu- clr. (159)

i
For _ ---) m, we get

• i n+l
(hZcld - h clr) = O. (160)
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